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Abstract: The generation of ultrashort visible energetic pulses is investigated numerically by
the nonlinear propagation of infrared necklace beams in capillaries. We have developed a (3+1)D
model that solves the nonlinear propagation equation, including the complete spatio-temporal
dynamics and the azimuthal dependence of these structured beams. Due to their singular nonlinear
propagation, the spectrum broadening inside the capillary extends to the visible region in a
controlled way, despite the high nonlinearity, avoiding self-focusing. The results indicate that the
features of these necklace beams enable the formation of visible pulses with pulse duration below
10 fs and energies of 50 µJ by soliton self-compression dynamics for different gas pressures
inside the capillary.
© 2021 Optical Society of America under the terms of the OSA Open Access Publishing Agreement
1. Introduction
In the last decades, several schemes have been developed to obtain ultrashort pulses in different
bands of the visible spectral region as an important tool for different applications, such as ultrafast
spectroscopy or transient absorption image techniques in biomedical science [1,2]. There is a
variety of strategies to obtain these sources. If the duration of the pulse is not a crucial factor,
praseodymium ion-based mode-locked lasers are a straightforward option to obtain picosecond
pulses with high average energy in red and green bands [3,4]. However, if few-cycle pulses are
needed, two- or several-step setups have to be used such as cascaded four-wave mixing [5–9],
nonlinear optical parametric amplification [1,10], optical parametric chirped pulse amplification
with second harmonic generation (SHG) and excimer gas amplification [11], up-conversion of
different parts of the spectrum coming from fiber-based ultrafast systems [2], spectral broadening
in capillaries [12–15], which are the simplest hollow core fibers (HCFs), or in filaments [16],
blueshifting solitons in single-ring photonic crystal fibers [17], or tunable dispersive waves (DWs)
generated during the solitonic propagation, also in capillaries [18–20].
Although the techniques described above can deliver ultrashort and energetic pulses in the
visible region of the spectrum, the complexity of most of the setups has motivated the search of
alternatives. One of the most compact setups to achieve tunable ultrashort pulses, of all those
mentioned above, is the DW emission from a solitonic propagation of an infrared laser pulse in
capillaries filled with gas [18,20], although the amount of energy transferred to the DW is still
limited. One possible solution would be to increase the input pulse energy, but this is also limited
by self-focusing and the ionization of the gas inside the capillary [21,22]. Another possibility
would be to study the nonlinear propagation of structured laser beams, which can be now easily
generated and controlled [23], in a standard post-compression setup so the spectrum could be
broadened in a controlled and efficient way to the visible region, yielding ultrashort and energetic
pulses.
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In this work we have studied the nonlinear propagation of infrared structured beams, in
particular necklace beams (NBs) [24], along a capillary filled with argon. Necklace beams
are a type of structured laser beams with amplitude and phase rotational symmetry around the
propagation axis. Although they are intrinsically unstable in free propagation, under some
circumstances they show self-trapping features which allow them to propagate with minor
variations along noticeable distances in different nonlinear media such as Kerr-type media [25],
thermal nonlocal media [26], colloidal engineered media [27,28], photorefractive media [29],
nonlinear lattice structures [30], or cubic-quintic nonlinear media [31]. By contrast to free
propagation, NBs can be stable when propagating inside confined structures [32]. In this work we
exploit the features of the nonlinear propagation of NBs inside capillaries to generate ultrashort
pulses in the visible region.
There are different families of NBs in a capillary depending on the number of rings and beads
they present. According to Marcatili’s model [33], a linearly polarized NB can be represented
as a composition of two hybrid modes, EH(−|n |)m + EH( |n |+2)m, both with the same complex
propagation coefficient. Its spatial amplitude can be represented by a radially dependent Bessel
function of the first kind with a sinusoidal azimuthal dependence: Jn+1(u(n+1)mr/a)sin ((n + 1)θ),
where a is the core size and unm represent the m-th root of the Jn Bessel function. Although the
spatial structure of these modes seems complex, their generation has already been demonstrated
[25].
One of the main advantages of these NBs, that makes them an interesting alternative to
hybrid modes, is that, since they are composed of higher spatial modes, they present anomalous
dispersion for standard capillary core sizes, with gas pressures close to atmospheric pressure
in the wavelength region of 0.8 µm, which are standard conditions in the post-compression
context. This feature enables the formation of a short pulse at the end of the capillary by soliton
self-compression dynamics, as shown in [34,35], so there is no need of an additional compression
stage as in [12]. Moreover, the amount of linear dispersion can be easily tuned by changing the
gas type or pressure, the capillary core size or the pump wavelength, as usually done in standard
post-compression setups.
In this work, we will try to gain some insight into the nonlinear propagation dynamics of a NB
inside a gas-filled capillary, using a (3+1)D numerical model based on the nonlinear Schrödinger
equation (NLSE).
2. Results and discussion
2.1. Numerical model
To study the nonlinear propagation dynamics of necklace laser beams in capillaries we have
developed a (3+1)D numerical model that includes the complete spatio-temporal dynamics. The
propagation equation for the envelope of the pulse in cylindrical coordinates, E(r, θ, z, t), is:
∂E(r, θ, z, t)
∂z
= (L̂ + N̂)E(r, θ, z, t), (1)
where the first term, L̂, represents the linear effects, namely the diffraction, the linear losses and































where k0 = ω0/c, ω0 being the central frequency and c the speed of light in vacuum, βn =
(∂nβ/∂ωn)ω0 , and α and β are the absorption and dispersion coefficient of the input necklace
beam obtained from [33], respectively. The second term, N̂, represents the most significant
nonlinear effects, such as self-phase modulation (and self-focusing), self-steepening, ionization,
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and the losses due to the ionization process and plasma absorption. The expression that we have








(1 + iω0τC)T−1 [ρE] −
W(|E |2)Ui
2|E |2
(ρat − ρ)E, (3)
where n2, σ, τC, W(|E |2), Ui and ρat are different parameters of the gas inside the capillary: the
nonlinear refraction index, the cross section for inverse Bremsstrahlung, the collision time, the
ionization rate, the ionization potential and the atomic density, respectively. T = 1 + i/ω0(∂/∂t)
is a temporal operator (which is responsible of the self-steepening in the first term of N̂) and ρ
is the photoionized plasma density inside the capillary, whose evolution is obtained by solving
the rate equation ∂ρ/∂t = W(|E |2)(ρat − ρ). The ionization rates are calculated using the PPT
model [36]. This model is a 3D extension of the model presented in [37] enhanced to study the
nonlinear propagation of beams without cylindrical symmetry through gas-filled capillaries.
We solved Eq. (1) by using a Split-Step Method [38]. The linear part with the azimuthal
dependence and the dispersion is solved in the Fourier space, while the linear part with the radial
dependence is solved using a Crank-Nicolson algorithm. All the terms of the nonlinear part are
solved with a fourth-order Runge-Kutta algorithm in the time domain.
Although we have simulated the nonlinear propagation of different NBs with four, six and
eight beads in a Ar-filled capillary, we will discuss mainly the case of the six-bead necklace beam.
This spatial mode is a composition of two hybrid modes: EH−21 and EH41. We have chosen this
spatial mode in particular because it has an anomalous response high enough to self-compress in
a standard one meter long capillary without requiring high computational time. The complete
expression of the component of the electric field in the core of the capillary is:
E(r, θ, t, z = 0) = J3 (u31r/a) · sin(3θ)e−t
2/t20 , (4)
where u31 is the first zero of the Bessel J3 function, a is the capillary core radius and t0 is the
temporal pulse duration. We propagate a 30-fs pulse with 0.2 mJ input energy at 0.8 µm through
a one meter long capillary with 150 µm core radius filled with argon at 1 bar. The gas parameters
used in the model for all the cases are presented in Table 1.
Table 1. Parameters for argon, the gas used in the simulations [21]




−3 ρat=2.7 · 1019p(bar)cm−3 Ui=15.76eV
2.2. Propagation of necklace beams in capillaries
Figure 1 presents the propagation dynamics of the NB inside the capillary, showing the evolution
of the spectral distribution in logarithmic scale (left), the temporal distribution in linear scale
(center) and the temporal FWHM duration (right) at the point of maximum intensity of one
bead. If we look at the spectrum, Fig. 1(left), the pulse begins the propagation in the anomalous
dispersion region. Note that for the parameters used in the simulation, the zero dispersion
wavelength (ZDW), shown as a black dashed line in the left panel, is 0.68 µm. The nonlinearity
is so high in this case, that the spectrum broadens in such a way that concentrates the energy
in two spectral bands, as expected in a high soliton order propagation situation (in our case
N=14) [38]. While the red-shifted band continues in the anomalous dispersion region, enabling
a soliton formation, the other band shifts to the visible part of the spectrum, entering into the
normal dispersion regime. It is important to remark that, although the nonlinearity is high, we
have not observed any spatial dynamics related to self-focusing, so the beam keeps the same
six-bead intensity structure during the whole propagation (see the movies included in Fig. 1 as
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Suppl. Material). Moreover, we have checked that the effect of the ionization in the propagation
dynamics is also negligible.
Fig. 1. The figure shows the evolution of the spectral intensity distribution in log scale
(left), of the temporal intensity distribution in linear scale (center) and of the temporal
FWHM (right), evaluated at the peak intensity of one bead of the NB. The black dashed
line in the left panel corresponds to the zero dispersion wavelength (0.68 µm). The beam
keeps its spatial structure during the whole propagation ( Visualization 1 shows the complete
spatio-temporal evolution of the beam). A similar propagation is obtained for a four-bead
NB (see Visualization 2) and an eight-bead NB (see Visualization 3).
The spectral dynamics is accompanied by a self-compression process and the generation of a
solitonic structure around 66 cm inside the capillary, as can be seen in Fig. 1(center). During the
self-compression process the peak of the intensity distribution is delayed (shifted towards positive
time values) and, at the same time, the pulse is becoming slightly distorted, with the peak shifted
towards the rear part of the pulse. Both effects are induced by the self-steepening effect, which
plays an important role in this self-compression process. The strong shock formation typically
related to self-steepening is, in this case, dissipated by the dispersion. As a consequence of the
temporal delay of the whole pulse, the high-order soliton appears also at a delayed time.
The evolution of the pulse duration at its full width half maximum (FWHM) is shown in
Fig. 1(right). We can see that the pulse reaches a minimum pulse duration of 7.5 fs at 66 cm
inside the capillary, where the solitonic structure appears. From that point, the higher order
dispersion terms cause the pulse fission, where the pulse breaks up in subpulses and there is no
further spectral broadening.
The two-band structure of the spectrum suggests the possibility of filtering the visible band
to see if we are able to obtain an ultrashort visible energetic pulse. For this purpose, we have
filtered the visible band using a square dynamic filter that takes the main part of the band at
each point. In Fig. 2(left) we show the filtered spectrum (in logarithmic scale) from the point
at which the band is in the normal dispersion region, around 45 cm inside the capillary. As we
can see, after the band crosses the ZDW it continues shifting to shorter wavelengths along the
propagation, without changing its width or structure, until it reaches a wavelength of 0.55 µm,
where the soliton fission occurs. From the temporal point of view, see Fig. 2(center), the peak
intensity of the visible band is always of the order of 4 × 1013 W/cm2, with a similar temporal
structure with few femtoseconds of duration. Figure 2(right) shows the evolution of the energy
(blue line), the temporal FWHM duration (solid orange line) and the temporal FWHM duration
of the Fourier Limit (orange dashed line) of the filtered band. The energy of the band grows
during the propagation until the band crosses the ZDW, when it reaches around 50 µJ. From
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that point on, the energy remains quite constant without presenting relevant losses during the
propagation until the soliton fission occurs. Regarding the temporal duration of the visible band,
we can see that the FWHM is always less than 10 fs and very close to its Fourier Limit, which
indicates that the phase structure of the visible band is very flat.
Fig. 2. The figure shows the evolution of the spectral intensity distribution in log scale
(left), of the temporal intensity distribution in linear scale (center) and the energy (blue line),
the temporal FWHM (orange line) and Fourier limit (orange dashed line) of the visible band,
evaluated at the peak intensity of one bead of the NB. The black dashed line in the left panel
corresponds to the zero dispersion wavelength (0.68 µm).
Now that we have demonstrated that we are able to generate ultrashort visible energetic pulses,
it would be interesting to understand its dependence with different parameters of the capillary.
The easiest one to change in a real experiment is the pressure inside the capillary. For this
reason we have performed the same study as before, but for different constant pressures inside
the capillary. We compare the visible bands of the spectrum, generated in each case, at the same
distance where the self-compression was optimum for the 1 bar case, at 66 cm, as if it were
the actual capillary length. In Fig. 3(left) we compare the visible band obtained for different
pressures inside the capillary, scanned from 0.5 to 1.2 bar. We have observed that the band
suffers a blue-shift as the pressure inside the capillary increases, which comes from the higher
nonlinearity and the induced spectral broadening. This spectral shift saturates when the band
reaches the 0.55 µm region due to the appearance of the soliton fission dynamics, that stops
the spectral shift of that band. It is not surprising that the role of the pressure in the spectral
tunability of this visible pulse is the opposite to the case of DW signals, for which increasing the
pressure provides longer wavelengths [18,20], since their nonlinear origins are different.
We have also calculated the energy and the temporal duration of the bands at 66 cm inside
the capillary to observe the dependence with the pressure. The blue triangles in Fig. 3(right)
show that the energy of the visible band is quite constant, being always around 50 µJ, which is a
significant amount of energy. The amount of energy in the visible band of the spectrum goes
from 23% to 27% of the total input pulse energy and from 34% to 40% of the total pulse energy
at 66 cm. The orange circles in Fig. 3(right) correspond to the temporal duration at FWHM of
the pulse obtained from the visible band (solid line) and its Fourier Limit (dashed line). As we
can see, the pulse duration is always below 10 fs, reaching 5 fs of duration at the cases with
0.6-0.8 bar of pressure. Unfortunately, in this optimum region the spectral phase of the output
pulse is not perfectly balanced, and it could be post-compressed to a Fourier Limit pulse of 3 fs
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Fig. 3. This figure shows the comparison of the spectral bands in the normal dispersion
region (left) and the comparison of the energies and pulse duration of each band (right), both
for different constant pressures inside the capillary at 66 cm.
of duration. Nevertheless, all the pulses obtained are good ultrashort visible energetic pulses,
according to the literature.
2.3. Spatial robustness of the beam along the capillary
In this subsection we would like to see what occurs if the input beam profile is not ideal. First of
all, we should emphasize that we wanted to avoid any self-focusing effect, so the energy regime
that we have used was chosen so the spectral broadening was enough to reach the visible part of
the spectrum, that was our main objective, but without entering in the self-focusing regime. For
this reason, we forced us to be below the critical power of a Gaussian beam, P = 0.96Pcr, so even
one bead carrying all the energy would not be able to collapse [25]. Under these conditions we
have demonstrated that a pure necklace beam shows a nice spectral broadening, keeping a very
good spatial quality and without any spatial collapse.
According to the literature, in the situation of a non-ideal six-bead input beam, it would become
unstable during the nonlinear propagation inside the capillary if the input power is above 0.36Pcr
[32]. As we are well above this threshold, we should see an energy transfer between beads
that becomes more significant as the beam propagates inside the capillary. To test numerically
how relevant this situation could be, we have simulated the propagation of the same six-bead
necklace beam presented in Fig. 1, but with one of the beads (labelled “B #1" in the figures
below) having 5% more energy, as is usually done in similar stability analyses [32]. As expected,
there is an energy transfer between beads but, in the moderate power regime that we use, the
six-bead structure holds during the whole propagation distance. Figure 4(left) shows the beam
fluence, i.e. the temporal integration of the spatio-temporal intensity for the non-ideal case, at
the self-compression position of the pure input case (z=66 cm). As it can be observed, the 6
bead-structure is kept and, although during the propagation some of the beads acquire high peak
intensity values, we have not observed any self-focusing dynamics.
Figure 4(middle and right) represents the spectral and temporal distribution of beads #1 and
#4 at z=66 cm, together with the weighted average spectral or temporal distribution from the
non-ideal beam and the comparison with the ideal beam presented in the previous subsection.
This weighted average is calculated taking into account the relative energy of each bead. It is clear
that the spectral broadening towards the visible and the temporal self-compression are still there
but, of course, not equally in all the beads of the beam. These observations are easily explained
because not all beads carry the same amount of energy during the propagation. We see that there
are only some beads of the beam that reach high peak intensity values during the propagation,
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Fig. 4. The left panel shows the beam fluence of a non-ideal six-bead input beam at z=66
cm. The simulation parameters used here are the same as those used in Fig. 1, although
starting with a perturbed spatial beam. The middle and right panel show the spectrum and
temporal distribution, respectively, of the peak intensity points of two different beads and the
weighted average spectral and temporal intensity distribution at z=66 cm. We can see that
the spectrum and temporal structure is similar to the ideal case (orange dashed lines).The
black dashed line shows the ZDW. Visualization 4 shows the complete spatio-temporal
evolution of the non-ideal beam.
in our case only beads #1 and #4, and only those are able to self-compress as the ideal beam.
Moreover, these beads are located opposite to each other, so they do not self-compress at the same
propagation distance. We have calculated the weighted average spectral and temporal distribution
in the non-ideal case at 66 cm and we have compared it with the ideal case, we can observe that
they are quite similar (see Fig. 4 (middle and right)). In view of the spatial profile at 66 cm
shown in Fig. 4(left), we can identify the optimal bead and select it. The spatial selection of part
of the beam would produce a decrease of the output energy to 14.6 µJ for bead #4 at z=66 cm. If
we filter the visible band, considering the weighted average spectral distribution at 66 cm, and
calculate the energy in the non-ideal case for the whole beam, we then obtain 37.3 µJ, which is
not far from the ideal case. On the other hand, Fig. 4(right) indicates that the self-compression of
the selected bead could be even better compared to the ideal case, going from a temporal FWHM
of 7.5 fs in the ideal case to a FWHM of 6.15 fs in bead #4 in the non-ideal case. Therefore, it
is true that this non-ideal situation would somehow deteriorate the output pulse, basically the
output energy, but it will still be useful. Moreover, we must emphasize that we are in a power
regime in which the instability is not large enough to couple all the energy into one bead and
activate a self-focusing process.
3. Conclusion
In conclusion, high-energy ultrashort pulses in the visible region of the spectrum can be generated
in standard capillaries with infrared necklace beams as driving pulses. We have found that the
high nonlinearity broadens the spectrum in such a way that the energy is concentrated in two
bands, one of them reaching the visible part of the spectrum during the propagation. Filtering
this spectral band, we can obtain pulse energies of around 50 µJ and pulse durations below
10 fs using a 150 µm core radius capillary filled with argon. The high efficiency (25%) and
the wavelength tunability for different gas pressures inside the capillary, demonstrate that the
soliton self-compression of infrared necklace beams in capillaries filled with gas could be a
compact tool which paves the way to new short laser pulse sources in the visible region. We have
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also demonstrated that when using non-ideal input necklace beams, where there is a nonlinear
energy transfer between the beads, they still present a similar spectral band and a temporal
self-compression, although only in those beads that reach high peak intensity values during the
propagation. Even in this non-ideal case, self-focusing does not play a role in the dynamics of
the beam.
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